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0e3 maMsATH: TapaHTHPOBAHHbIE PE3YJIbTATHI

IIpedcmasneno urenom-rxoppecnondenmom HAH Yipaunoe B.1. Ipuyernxo

Cmamus Kacaemcs OUCKPemnozo Ynpasienus IUHetHbIMU MHOZ0C6A3HbIMU 00beKmamit 6e3 NamMami ¢ UCOIb306d-
HueM n00xo0a, 0cHo8aI1020 Ha ncesdoobpawenuu mooenei. Ona omsaeuaem 1a 80nPoCyL, OMHOCAUUEC K 00IACTAM
npumenumocmu 3mozo nooxooa. Ilenv cmamvu cocmoum 6 mom, umobvl 6vLAGUMD HEKOMOPbIE ACUMIIMOMUUECKUE
0COBEHIHOCNU 3AMKIYMBIX CUCTNEM YNPABLCHUSL, COOEPICAUUX NCe8A000pamble MOOCLU 6 UX NeMAAX 00PaAMHOL
ces3u. Paccmampusaiomes o6vexmoL 6e3 namsmii, umerouue iobvle Henyiesvle Mampuybl K03()PUuuUenmos ycu-
JeHUsl, 4 UMEHHO, AHATUSUPYIOMCA KAACCHL KEAOPAMHBIX HEEIPONCOCHHBIX U BbIPONCOCHHBIX MAMPUL, 4 MAKNCE
NPAMOY2ONLHLIX MAMPUL, NPOUBOLLHO20 patzd. OmOesvHo Usyuaemcs Cayuail, Koz0a smu MAmpubl U36ECHIHbL,
u cayuail, Kozoa nem noanot ungopmauuu 06 ux snemenmax. Bsooumcs npednonoxcerue, umo umeromes neusme-
PleMble NPOUSEONDHBLE, HO 0ZPAHUUCHHIC BHEUHUE B03MYULECHUSL, ZDANULbL KOTOPLIX MO2Ym Obimb, 6000Ue 2080DS.,
neussecmuot. Ilonyuervt mpu 6axicHolx pesyaomama 06 ACUMNIMOMUYecKoM nosedeHul CUCTneM YNpasieHus. ¢ Nces-
doobpammvimu modersmu. Bo-nepsvix, noxaszano, umo npu omcymcmeuu Heonpeoerennocmu 6cez0a cyuecmsyen
NOL0NCEHUE PABHOBECUSL SMUX CUCTIEM U 2APANMUPYEMCA UX YCMOUMUBOCTIL U ONMUMATLHOCTL. Bo-6mopuix, npeo-
JOJCEN HOBBLL A PeKmusHbvlll 3aK0H Ynpasienus 0 CMAGUIUIAUUL NIL0X0 00YCLOBICHHBIX 006EKMO8 ¢ U3BECH-
HOLMU MAMPUUAMU KO3(DPUUuenmos ycurenus. B-mpemoux, ycmanoeneno Heckoivko yciosull, eapanmupyiouux
CYULLCMBOBANUE NOLONCEHUS. PABHOBECUS U OUCUNAMUBHOCTIID CUCTIEMbL YNPABIEHUS C HEONPedeseHHoCmAMU. Jlanol
Maxyce ACUMNIMOMUUECKUE OUECHKU BEPXHUX ZDAHUY, HOPM BEKMOPA YNPAGLIIOUUX 6030€liCMEUTL U BeKMOPa Gbl-
X0OUDIX NePeMEeHbIX.

Knioueesvie cnosa: mnozocesisnulii 06oexm 6e3 namsamu, 3amMKHymas cucmema ynpasienust, nceeaoo6pamuaﬂ MO~
ae]lb, noJodcenue pasnosecust, ycmoﬁuueocmb, oNnMmumaiovHocnmo, duccunamuenocme.

I PDeKTUBHBIM UHCTPYMEHTOM JIJIsI YIIPABJIEHUST MHOTOCBSI3HBIMU OObeKTaMu 0e3 MaMsTH
(cTaTnuecKuMK OOBEKTaMM) ¢ KBaAPaTHON HEBBIPOKAECHHON Marpuiieil KoapdUINEHTOB yCu-
JIEHUSI BBICTYIIAeT, KaK M3BECTHO, METOI OOPaTHOTO OnepaTopa, BOCXOMAIIUN K MHOHEPHBIM
paboTam OTeueCTBEHHBIX UCCIeoBaTeeil mepBoii mosoBuHbl 60-x rogos XX Beka. CpaBHUTETHHO
HeJIaBHO B PaMKax TEOPHUH TICEBI00OpatieHnst MaTpuil [ 1] yzaroch penmrs 3a1a4y ONTUMAJIbHOTO
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yIpaBJeHUsT JIMHEHHBIMA MHOTOCBSI3BHBIMH OOBEKTaMH € TPOU3BOJIBHBIME, HO W3BECTHBIMU
KBa/IpaTHBIMU U TIPSIMOYTOJIbHBIMM MaTpHIlaMu KOd(PUIMEHTOB yCUJIeHUs TIPU OTCYTCTBUU
BHentHux Bo3mymienwii [2]. [Tozxe B [3] Ha ocHoBe MeTo/1a TiceBr00Opanienus Obi1a hopMaIbHO
pellieHa 3a/[a4a CMHTE3a ONTUMABHBIX CUCTEM YIPABJIECHUS TEM K€ KJIacCOM 00BEKTOB € OTpa-
HUYEHHBIMU BO3MYIIeHUsIMU. /locTaTouHble yCI0BUS YCTOMUYNBOCTU U IUCCUTIATUBHOCTH CUCTEM
yIPaBJIeHUs] MHOTOCBSI3HBIMU JINHEHHBIMU ¥ HEJTMHEHHBIMU 00BEKTAMU 0 JIMHENHBIM T1CEB/I0-
0OpaTHBIM MOJIEJISIM TIPU HAJIMYUHU TTAPAMETPUYECKUX HEOTIPeIeJIEHHOCTEH YCTAaHOBJIEHBI B [4, 5].

Hacrosiiast paGota OTBe4aeT Ha BOIPOCHI KaKOBa O0JACTh IMPUMEHMMOCTH METO/A
TICeBI000OPAIIEHNUST [IJIs YIIPABJIEHUsT INHEHHBIMI MHOTOCBSI3HBIME OOBbeKTaMy Ge3 MaMsITh 1Py
MOJTHOM ¥ HETIOJIHON MH(opMaIuy o MaTpuiax KoaduiineaToB ycuieHuns?

1. IocranoBka 3agaun. PaccMaTpuBaeTcsi MHOTOCBSI3HBI OOBEKT (€3 TMaMATH, KOTOPBIT
dbyukmmonupyet B auckpetHoMm Bpemenn n=0,1,2,... u onuceiBaeTCsA JUHENHBIM Pa3HOCTHBIM
ypaBHeHUEM

Y, =Bu, +v,. )

B atom ypasnenuu y,, = | y,(f), ey ,(1’”)]T € R" — BEeKTOp BBIXOAHBIX TIEPEMEHHBIX, JOCTYITHBIX ISk
M3MEPEHNsT B KasK/IbII IUCKPETHDBI MOMeHT BpeMeru n (n=1,2,...); u, = [u,(11), e u,(f)]T eR" —
BEKTODP YINPaBJIAIOINX BO3ACHCTBUI, OTHECEHHDII K TOMY K€ 7-My MOMEHTY BPEMEHW; 0, =
:[07(11),..., v,(]”)]T e R™ — BeKTOp aJ/IUTUBHBIX HEKOHTPOJMPYEMBIX BO3MYIIEHUII B MOMEHT 71 ;
B=('")e R™" — marpura koadbUIHEHTOB yCHIeHNs 00BEKTa, IPeCTaB/Isonas coboil
bukcupoBaHHyI0 (HEHYJIEBYIO) MATPUILY C dJieMEHTaMU b (i=1,...,m; j=1,...,r) u panrom
rank B<min{r,m} (T — cumBoxa tpancrnonuposanust). CanTaercst jajee, 4TO YUCJIO BBIXOIHBIX
HepeMeHHbIX He MEeHbIIe YHCJIa YIIPaBJsonuX Bo3aeicTBuil: » <m (1<rank B<7r).

BBoautcs npeamnosioxkerue, 4To o = {vg)}e l., (i=1,...,m) — cKaJsApHBIE TIOCIEIOBATEIb-
Hoctn, orpanmuenmsie B oo -ropme: o | i=sup . [0 [<eo (B 0G0sHATenMAX MPOCTpAT-
cra (., u oo-nopmsi || x| Geckomeunoii mocrenosaremsroctn {x)}: x{) e R, akrusno nC-

MOJIb3yEMBIX B COBPEMEHHOU TeOpUHU yIIpaBJeHus; cM., Haripumep, [6, c. 29]). bosiee onpenenen-
o npeanomnaraercs, uto |0 ||, <& <oo, i=1,...,m; upu arom unca e, ... ™ B npunIIIE
He 00513aTeJIbHO JOJIKHbBI ObITh M3BECTHBI KOHCTPYKTOPY CUCTEMbI yIIpaBjieHus. Tak,

lo,la<e Vnel0,) = v={o,}ell = [vl.<e, (2)

Tx — eBrumgosa Hopma BekTopa x, a (™ =0_x...x/[_,.

S —

e 8=+\/[8(1)]2+...+[£(m)]2, 2 [lg:=+V

B pamkax Takoro MpearoaoKeHnst MOKHO BOOOPasuTh, uto npu kaxkaom n=0,1,2,... BTgKTOp
v, 3aBHCHUT OT CBOeOOpasHOro mapamerpa “ciydas’ o: v, =v,(®), 1pu atoM v,(m)e Q, rae
Q [P, eMx...x[-™ ™.

ITycTp yo :[y0(1),..., yo(m)]Te R™ — BekTOp 3agaHHBIX (KeJaeMbIX) 3HAYEHUH COOTBET-
CTBYIOIMX BBIXOAHBIX IepeMEHHBIX. Paccmarpubaercs cayuaii, xorna 0<|[y” <. B atom
ciyyae, 110 KpaliHeil Mepe, OJJHO U3 m 3aJlaHHbIX 3HAYCHUN Y D JomKHO GBITH HEHYJIEBBIM:
12D |+ 4]y |20

Ob6ozHaunM B, HEKOTOPYIO (GUKCHPOBAHHYIO MXT -MATPUILY, UMEIOIIYIO CMBICJ MATPHIIbI
K03(hDULMEHTOB YCUIEHUST OMOPHON (HOMUHAIBbHOI) JMHEHO# Mojenn oObekta. B coorBet-
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CTBHMM C METOJOM IiceBoo0painerus [3] 3akoH yIIpaBjeHysi, OpUEHTHPOBAHHOTO Ha CTaOKIn3a-
, 0

IMI0 BBIXOZIA Y, 0ObexTa (1) B HEKOTOPOIT OKPECTHOCTU TOYKH ¥, CTPOUTCA B (hopMe yHUBEP-

CaJTbHOM UTEPAIMOHHON TTPOIEY PBI

u,=u, +Bje,. )
3zech
e, =y" -y, (4)

— BEKTOP TEKyIIMX ONMOOK 3aMKHYTOI cuctembl yrpasienust oobektom (1), a Bj € R™"
MaTpHuILa, 1iceBioobpatHast Matpuiie B .
3ameuanue 1. Cormacto [1, reopema 3.4| obmiast hopmyia

By =lim (By By +8%1,)"' By,
0—0

B KOTOpOIl [y — 3ammcrBoBaHHOE U3 [7, c. 9] ob6o3HAYEHNEe eANHUYHOI MATPUILI Opsiaka N,
1103BOJIsIET HaliTh Bj = (Bgﬁ)) 1pu 060t matpune Bye R™™.

TpebGyercst uccieoBarh MpejebHble BO3MOKHOCTH ypaBienust oobextamu (1) mMetomom
1CeB000PAIEHNsT, a UMEHHO (DOPMATbHO YCTAHOBHUTH YCJIOBHSL, TIPU BBIIOJIHEHUNU KOTOPBIX
rapaHTUPYeTCs, YTO B paMKax IpeanosoxkeHuii (2) cucrema yupasienus (1), (3), (4) 6yner umersb
orpe/ieJIeHHbIe CBOMCTBA: YCTOWYMBOCTD, AMCCUTIATUBHOCTD (MIPe/IeIbHYI0 OTPAaHMYEHHOCTh BCEX
CUTHAJIOB) U ONITUMAJIBHOCTb.

2. Pemenue 3aj1aym ynpasjieHus NPU NOJHONH MHPOPMAIUU O CTATUYECKOIl XapaKTepuc-
THKe 06beKTa. B cirydae, KOT/a anpruopHAsi HEOPEAETEHHOCTh OTHOCHTETBHO aeMentos b(Y)
MaTpUIbl B, ONUCHIBAIOIIEN CTATHYECKYTO XapaKTEPUCTUKY 00bekTa (1), OTCYyTCTBYET, OIOPHYTO
MOJIENTb €CTECTBEHHBIM 006PA30M MOJKHO C/IeJIaTh a/IeKBAaTHOI 00beKTy, osarast By = B. Ilpu ra-
KOM BbIOOpe Matpuisl B, mporeaypa (3) mpuobdperaer Buj

u,=u, +Be,. (5)
ITpu sTom ecim ¥ =m, a det B0, To cormacHo (5) oHa mpuHIMaeT GopMy
Uy =Up g+ B_1eny (6)

IIOCKOJIbKY B 9TOM ciiyyae BY = B!em, Harpumep, [1, ynpaxuenue 3.5.1].

[IpenesbHbIE BOSMOKHOCTH METOJIA TICEBI00OpAIIeH s IJIs yIpaBieHust ooberToM (1) ¢ mos-
HOIT mH(bOpMaIneit o MaTpuile B onpeesisioT cieayioniye hyHIaMeHTaaIbHble pe3yabTatsl |3, 5].

1. [Monosxenue paBHoBecust cuctembl yrpasienus (1), (4), (5) Bcerna cyiecTByeT (He3aBH-
CHMO OT paHTa MaTpuIlbl B) n ompesensiercst mapoii Bektopos u° =Q,,u +B"y°, y°=Bu°, rae
Q, =1,—B"B; npu 3TOM B €[MHCTBEHHOM CJIydYae, Koraa rank B=r, MHOKXECTBO paBHOBEC-
HBIX Touek E, :={u°} — OAHOTOUEUHOE MHOKECTBO, COAEPIKAIIIE BEKTOP U’ = B™y", a Bo BCex
OCTAJIBHBIX cJydasix E, — CBs3HOE HEOJHOTOUYEYHOE MHOKECTBO, IPE/CTaBIIsIoNiee co0oit Jin-
Heitnoe MHOTOOOpasue B R” pasmeproctn dim E,, =r—rank B.

2. B ycnoBusax (2) aTa cucreMa JUCCUIIATUBHA 110 COCTOSHUIO (U,,, Y,,) "
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limsup | g, [, <I BB lylly” I +11Qe lre+2e <o,

n—yoo

(7)

limsup [[u, —u° [, <[ B [, <o,
N—>o0

rne Q,:=1,,—BB", a |P|, — cuekrpanbuas Hopma mMatpuubl P, onpezessemast kak || P o=

=max ;¢ y k}/ 2(PTP) [6, npunoxenue 5] (31ech u ganee A;(-) obosmHaudaer i-e COOCTBEHHOE

snauerre N XN -MaTpUIlbl, 3aKTI0YE€HHOI B CKOOKAX).
3. B ycoBusix (2) yrpasiieme 11o 3akony (9), (4) MUHIMHU3UPYET BEPXHIOIO rPaHb (DyHKITMOHATIA

.]n = Jn (un—1) = sup ” €y ||2 (8)

0, (0):7,(0) eQ

Ha MHOXKeCTBe (' BCeX JOMYCTUMBIX BEKTOPOB u OT KOTOPBIX 3aBUCUT J,, U AaeT

n—1
1Que, i 3+ (diam @) <, <1Q, [y €1, + diam ©
4. B 1ByX ciydasix, a UMEHHO TIpU v,(f) =...= v,(lm) =0, a TakKe MPU BBIIIOJTHEHUN YCJIOBUH

oD |+, +[08™ |20, sup, |v, [,=¢ ans moboro ne0,0) u v,eQ, rie @ — map B R™ ¢
mramerpoM diam Q = 2¢ , mpoueaypa (5), (4) IPUBOANT K PEIIEHUIO ONITUMHU3AI[MOHHOM 3a1au

sup le, |,— inf
v, (w):0,(w)eQ u,els,’

npuyeM 3HaveHue GyHKIMoOHAMA (8) HAa ONTUMAJIBLHOM YIIPABJIEHUU OIpeessieTCs] BhIpaske-
muem J, =[Q, [ lleg [l + 1+ Q. [l2)diam Q.

5. Eciu r=m, detB#0, To B ycioBusx (2) utepatuBnas mpoieaypa (6) coBmectno ¢ (4)
oTpeiesisieT 3aKOH ONTUMATIBHOTO yIpaBiaeHust 00beKToM (1), Tpr KOTOPOM Kak (hyHKITHOHAJ
. 0 o o
(8), Taxk u ynxunonan J=lim,__sup|y’ -y, |l,, Xapakrepusyiomuii acumnToTHYECKUIA M0-
Kasaresb KadecTBa 3aMkHyTOU cuctembl (1), (4), (6), mocturaer cBOET0 MUHUMYMa, PAaBHOTO
mln{un}e& J=2¢.

BBoast npunsitoe B [7, ¢. 9] obosuauenne 0y =[0,...,0] crpoxku u3 N Hyseit u obo3HaueHe
\_ﬁ,_J

im P o6pasa matpuirsl P, mpunsaToe B [8, . 6.24], cl(\i)opMmepyeM OJIMH Ba)KHBIA B TIPAKTH-
YeCKOM TIJIaHe Pe3yJIbTar.

Teopema 1. Ilpu v, = O;Z cucmema ynpasaenus (1), (4), (3) cmanosumcs: acmamuueckoii 8
dsyx omdemvnvix cayuasx: 1) npu mobom y'eR™, ecau B — xeadpamuas neswiposcoennas
mampuya; 2) 6 cneyuanviom ciyuae, kozda y° € im B, nesasucumo om mampuyp: B . Bonee mozo,
Y, =" Ons 6cex ne (1, ).

CnpaseiuBocTb TeopeMbl 1 ciesyer U3 TOro, 4To 10 onpeeneHno Q, — UAEeMIIOTeHTHAs
maTpuna [1, ynpaxunenue 3.7.6],a PP*x =x npu xeim P [1, ciencrsue 3.5].

3amevanue 2. B oboux ciaydasx, durypupyiommx B teopeme 1, y¢ =4, Te. E,={y"} —
O/IHOTOYEYHOE MHOKECTBO, TOT/IA KaK B cay4ae 1) muoxectso E, ={u°} ocraercst 0AHOTOUEIHBIM
MHOKECTBOM, @ B CJIy4ae 2) OHO CTAaHOBUTCSI HEOMHOTOUEUHBIM. Be3 ymasenust o01HoCcTH Oy1em
Jlajiee 1moJjaratb, 4TO yo gimB.

Cornacno (7) npu By =B, xorna detB#0,a v, # O;fl , ToJTy4aem
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limsup |y, [l <[l 5° [, + 2, ©)
N—yoo

limsup | u, —u |, <[ B~ [l . (10)
Nn—yc0

Omnenkn (9), (10) nmokassiBaioT, 4TO ecau B — II0X0 06YCJIOBJIEHHAsT MaTPUIA, TO XOTSI
yipasienue (6) 1 rapaHTUpyeT MUHUMAJIbHO BO3MOXKHOE OTKJIOHEHHe ¥, OT yo IIPU 7 —> o, HO
TaKass MUHUMU3AIUsT OyIeT TOCTUTATHCS IIEHON CJUIIKOM OOJIBIIIOTO Pa3Maxa BO3MOKHBIX KOJIe-
OaHuil BEKTOPA U,, OTHOCUTEJIBHO PABHOBECHON TOUKY u° TIpH 0, # O;. B camowm zene, ipu pocra-
TOUHO GOJIBIIOM UKcIe 06YCI0BIEHHOCTU MaTpuLbl B, onpenemnsiemom kak cond B=| B|| B! |
[8, . 16], a umenno npu cond B>>1 muoxurens |B~!|,, durypupyomuii B mpasoii yacTu
(10), mpurIMaeT 0cTaTouHO GoubiIoe 3Havenue: || B~ [,>>1/|| B, .

Jlnst ynpasienust o0bextoM (3) mpu 1<<cond B<e MeTOJOM ICEBIOOOPAIIEHHS] BMECTO
MaTpullsl By = B, pekoMeHyeTcst Terepb OpaTh OJipkaiiiryio Kk B (B onpeiesIeHHOM CMBbICIIE)
BBIPO’K/JEHHYIO MaTpully By # B u ¢popmuposats {u,,}, Mogudunupys npoueaypy (6) tax:

un:un—1+[d01m+(1_d1)38—]€n’ (11)

rie dy n d; — HEKOTOPBIE JOCTATOUHO MaJIble MOJOKUTEIbHbIE uncaa. B kauecTBe Mepsl 011-
3octi By x B mpejaraercst HCIOIb30BaTh GPoOEHNYCOBY HOPMY

1/2

A=Y Y [8@) P (12)

i=1 j=1

marpuis A=(8))=B,-B c anemenramu &) = b(()ij) —b@ (onpenenenue |-||p MoxmHO HaiiTH,
HaTpuMep, B |6, mpusokenue 5)).

B cuny (12) 3a1a4a oThICKaHMs MUHUMYMa HOPMBI || A ||z cBOaMTCS, 04eBUIHO, K CTAHAAPTHOI
3a/1aue yCJIOBHON ONTUMU3AINY B cyleylomnieii popme:

_min | vec By —vec B|j3: det By =0. (13)
vec Bye Rx... xR
Riakilet

72

3necop vec P :=[p(11), sy p(MV)]T — B3sitoe u3 |6, c. 220] obo3HaueHme N? -MEPHOTO BEKTOPA,

KOTOPBIiT o6pasyeTcst BuiTsiruBanueM B ctosiOerr NXN -matpuiibl P =( p(ij)). B cBotwo ouepesn,
3agada (13) pemntaetcs, Kak M3BECTHO, KITACCUIECKUM MeTOZIoM MHOKkHUTeNel Jlarpamnska [9, ri. 8]
myTeM MUHUMU3AINHI 3aBUCSIIEN OT COCTABJISIONINX BEKTOPA Vec éo u MHOKMTeJd Jlarpan:ka
A dyHKIIUN

@ (vec By, A) = (B§'V =60 Y2 4+ (B =) + Adet By

u3 ycsaoBuii 0®@(.,-) / aééif) =0, 0®(,-)/JdA =0, KoTOpble B KOHEYHOM CUETE MPUBOJIAT K CUCTEME
asreOpanyecKuX ypaBHEHMIT
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o P) N .
2(b(§lf)—b(”))+Aa[;(U) detBy=0, i,j=1,...7,

OTHOCHTEJbHO HEN3BECTHBIX b(”) u A. A 3TO0 B HUTOre I03BOJIAET BBIYUCIATH vec By =
=argmin ®(vec BO, A).
Teopema 2. IIpu vinonnenuu ycaosus | ByA| <1 naiidymes wucaa dy,d; >0 maxue, umo
cucmena (1), (4), (11) cmanosumcs acmamuueckoi, kozda v,, = 0; , U duccunamugnoll, Kozoa
T.
v, £0,, ; npu smom ecau || I,,—BA|,<1, mo

2e
limsup|le, ||y < ————<
n—yoo "2 1_Hlm_BA“Z

— +
2de A:=dyl,, +(1-d,)By .
Jloka3aterbCcTBO ATOI TeOPEMBI CYIIECTBEHHO UCIOJIb3YeT TpuBeieHHoe B [7, 1. 2.15.3] cBoii-
ctBO A (04l +0P) =0ty + 0k (P) moboro coberennoro smaderns A; marpuisi Pe RMVY

TOT 3aMedaresbHbIl (akt, 4ro ecam  max |A;(P)|<1, o |P|"<Kpy Vn u HEKOTOPBIX
1<i<m

K,pg: 0<K<eo, 0<py<1 npu J110601‘/’1\M5Tp1/1qH01‘/’1 HopMe (ZeTasu JoKa3aTeabCcTBa OITycKa-
I0TCST M3-3a OTPAaHUYEHHOTO 0ObeMa CTaThi).

3. Pemenue 3a71auu ynpaBJieHUs B YCJIOBUSIX TapaMeTpHYECKOii HeomnpeaeaeHHOCTH. [Ipes-
TIOJIOKUM TeTlepb, YTO ManI/IHa Be R™" HEN3BECTHA, HO alprOpH M3BECTHO HEKOTOPOE 3aMKHYTOE
OTPaHUYEHHOE MHOYKECTBO E {B} MaTpUII B, x KOTOPOMY OHa MPUHA/ICHKHT. Kak u B [5, c. 62],
Oy/1eM UCXOAUTH U3 TOTO, YTO E — WHTEPBATBHOE CEMEICTBO MATPHIL B= (b(] )) 3a/1aHHoe B (hopme

== ((0D): b D <HD <FDY, it m, =17,

CUMTAs TPAHUIIBI MHTEPBAJIOB [Q(’]),b(”)] usBecTHBIMIE 1pu aToM b [QW),b(”)].

3aduxcupyemM HEeKOTOpPYIo MaTpully B, u paccMorpum cucremy yupasienus (1), (3), (4).
Bocnosbsyemest obosHaveHnem 0, , HyZ€BOIi mXr -MaTpulibl, NpuHATHIM B [7, ¢. 9]. Cripasen-
JIUBBI CJIEIYIONINE BCIIOMOTAaTeIbHbIE PE3YIBTATHI.

Jlemma 1. Heobxo0umvim ycrosuem mozo, umo noaoxcenue pasnogecus: cucmemt (1), (3), (4)
cywecmayem, sieisemcs mpebosanue

rank By < min rank B.

BeE
B20,, ,

Jlemma 2. IIpednonoscum, umo Z — MHONCECMEO Mampuy, noanozo patea, a rank By =r . /s
cyuecmeosanust noaoxcenus pasnosecust cucmemot (1), (3), (4) docmamourio, umoobwt 6vL10 vINOIL-
HeHo ycaosue

max | BjAll<1.

A:(By-A)eE

Jlemma 3. ITycmv ByB#0,, ,. Tozda ecau rank By =1, mo nonoscenue pasnosecust cucmemvt (1),
(3), (4) cywecmeyem u onpedensemcs kax pewenue u=u" CUCMEMbL AN2eOPAUUCCKUX YPABHEHULL
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B{Bu=B;y". (14)

JlokasaresnbcTBO JieMM 1 1 2 OCHOBaHO Ha MCIOJIb30BAHUN U3BeCTHOrO U3 |8, 11.4.47] cBOIi-
crtBa rank PP, <min{rank P, rank P} . OcHOBY 10Ka3aTeIbCTBA JIEMMBL 3 COCTaBJISIET yCTAHOB-
JIEHHE CBOIICTBAa OPTOrOHAJIbHOCTH B+y0 Lker B(B")!, koropoe cormacno [8, 11.6.34] Heobxou-
MO U JIOCTaTOYHO [I7is 0GeciedeHus COBMECTHOCTH cucTeMbl ypaBuenuii (14) (3mech kerP —
npunsToe B |8, 11.6.24] o6o3HaueHwme sijipa MaTpuiibl P).

Crenys [4], BBeieM BcioMoraTeTbHbIE TepeMeHHbIe

. m . ..
o) =N BISID hi=1,..,r,
=
IIpeacTaBJAgdOIE CO6OI>JI JIMHEHBIE (l)OprI OTHOCHUTEJbHO COCTaBJIAIOIINX BEKTOPOB A(Z) =
= [6(1’), o 8(””)]T, 1 PACCMOTPUM CJICYIOIIHE MAapbl 3314 JUHEUHOTO TPOTPAMMUPOBAHUS:

minc(ki), max 6% npu l_)(lj)—b(()ij)<5(y)<I;(ij)—b(()ij). (15)

Vcnonmbayst ipunsaTeie B [6, nmpunoxenne 5] obosnadenus 1-wopmbr || P fj:=max, ;¢ y X
x P+, +|P™ ) marpuusr Pe RVN 1 06o3nauenus corsiacoBaHHOIl ¢ Hell oo ~HOPMbI
lx | =max{|x® ... [x™ |} Bekropa xe RY, npexacrasum oxun rapaHTHPOBAHHBIN Pe3yJIbTaT,
KaCaroIMUICsT aCUMITOTHYECKOTO TIOBEIEHNUST PACCMATPUBAEMOI CHCTEMBI.

Teopema 3. IIpednonoxcum, umo nonoxcenue pasnosecust cucmemot (1), (3), (4) cywecmsyem.
Ecau

T . .
¢:= max Zmax{\mino(k’) |, |Imaxo® |y <1, (16)

Isksrig

20e mino*) u maxoc®*) — pewenus 3adau (15), mo ama cucmema ycmoviuusa (npu v, 50;) u
duccunamusna (npu v, % O; ); NPU IMOM CNPABEONUBDL ACUMNMOMUUECKUE OUCHKU

timsup |, u° [ < (1=q)" 111, ~ B3 By | g —u |+ B | €] <=

e a7
limsup ||, .. <[ By ([u* L. +(A=a) "I 1, = B§ By l g —° .. +[1 B | €D +E <,
n—oo

20e € =max{e, ..., e™}y.
Jra TeopeMa — TiepeOpMyTMPOBKA B TEPMUHAX 33724 JUHEHHOTO TTPOrPAaMMUPOBAHUS
YTBEPXKAeHUs 2, IOKa3aHHOTO B [3], ¢ yTouHeHHbIMU OlleHKaMu (17).
3ameuanue 3. llockosibky Z — KoMHakT, To B cuity (16) mpasbie yactu HepaBeHcTB (17) —
HernpepbiBHble GyHKIMU oT By na = Ilostomy ecin Bye E, a Z He COAEPKUT MATPHUIL B
paHra, MEHBIIErO 7, TO CYIECTBYeT Hawayuiias (B CMbICie MUHUMYMa BepxHell rpanu | e,

IpU 7 —> oo ) MaTpua By = By,

||oo

By =arg min{|[1,, =By Bg |y [leg L. + 281+ 28 (1-)"}.
0 —
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[Tpu BbIoIHEHNK ke TpeboBanust (16) B 9THX YCIOBUAX MOJIOKEHIE PABHOBECUSI CUCTEMbI

(1), (3), (4) 3aBemomo cy1iecTByeT (COIIacHO JeMMme 2). A eciu K TOMY e 7 =m, HO 0, EOE,

TO 3Ta CUCTEMA CTAHOBUTCS acTaTU4eckoii:; lim

1o | €, | =0 npu 0601 MaTpune By e E .
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I'PAHUYHI MOKIINBOCTI METOAY IICEBJJOOBEPHEHHA
JIJIA KEPYBAHHS JITHIMHUMU BATATO3B'I3HMU OB'€KTAMU
BE3 ITAM'ATI: TAPAHTOBAHI PE3VJIBTATU

CraTTs CTOCYEThCST AUCKPETHOTO KEPYBAHHS MiHIHHUMN 6araTo3B’sISHUME 06'€KTaMu 6e3 TaM’sITi 3 BUKOPHUC-
TaHHSM IiAXO0/y, OCHOBAHOTO Ha mNceBaooOepHeHii Mozesri. BoHa BiANOBinae Ha MUTaHHS, IO BIAHOCATHCA 10
obJacTeit 3aCTOCOBHOCTI 1[HOTO TiAX0My. MeTa CTaTTi MOJISATAE B TOMY, 06 BUSBUTH JIesIKi aCHMIITOTHYHI 0CO-
6JMBOCTI 3AMKHEHUX CUCTEM KEPYBaHHs, 1[0 MICTSITh IICEBA00OOEPHEHI MOJIE B iX MET/IAX 3BOPOTHOTO 3B SI3KY.
Posrasaiorbes 06’ektu 6e3 mam’sTi, o MatoTh Oyib-sKi HeHYJIbOBI MaTpHIli Koe(il[ieHTIB MMiCUIEHHs, a caMe,
AHAJI3YIOThCS KJIACU KBA[PATHUX HEBUPOJPKEHUX i BUPOKEHUX MATPUIlh, @ TAKOXK MPSIMOKYTHUX MATPHUILh J10-
BlIbHOTO paHTy. OKpeMO BUBYAETHCS BUTIAZIOK, KOJIM I1i MATPHIIi Bi/IOM], i BUTIQIOK, KOJIN HEMAE TIOBHOI iH(opMa-
il mpo ixHi eemMeHTH. BBOANTHCS TPUITYIIIEHHS, 10 € HEBUMIPIOBAJIbHI TOBLJIbHI, aje 0OMeKeHi 30BHIIIHI 360y-
PEHHSI, MK IKUX MOKYTh Oy TH, B3arasi Kaskyuu, Heigomi. OTprMaHO TPU BaKJIMBUX PE3YIBTATH PO ACUMIITO-
TUYHY MOBEIIHKY CUCTEM KepyBaHHsI 3 TiceBAoobepHeHnmMy Moziesisimu. [lo-niepiiie, HOKa3aHo, 110 3a BiICYTHOCTI
HEBU3HAYEHOCTI 3aB)K/IM ICHYE TIOJIOKEHHST PIBHOBArW I[UX CUCTEM Ta rapaHTYIOThCS IXHi CTIHKICTD i ONITUMAJTh-
Hictb. ITo-apyre, 3a1pooHOBaHO HOBUI ebeKTUBHUIT 3aKOH KepyBaHHs1 st cTabiiisaiii morano 06yMOBIEHUX
00’eKTiB 3 BitoMUME MaTpUIAMK KoedilieHTiB miacuaents. Ilo-Tpere, BCTaHOBJIEHO KiJIbKa YMOB, IO TapaHTy-
I0Th ICHYBaHHS TTOJIOKEHHS PIBHOBArM i AUCUTIATUBHICTD CUCTEMH KEPYBaHHS 3 HeBU3HAUECHOCTAMU. J[aHO TakoX
ACUMITTOTHYHI OIIHKU BEPXHIX M€K HOPM BEKTOpa KePYIOUUX BIJIUBIB 1 BEKTOPA BUXiJTHUX 3MiHHUX.

Kantouoei caoea: 6azamose ssnuii 06 'ekm 6e3 nam' simi, 3aMKHeHa CUCEMA KePYBanis, Nces000bepHena Mooeb, no-
JIOJCEHHSL PIBHOBAZU, CTILIKICID, ONMUMALHICI, OUCUNATIUGHICTD.
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LIMITATIONS OF THE PSEUDOINVERSE METHOD
FOR THE CONTROL OVER LINEAR CONNECTED
MEMORYLESS PLANTS: GUARANTEED RESULTS

The paper deals with the discrete-time control of the linear INTER connected memoryless plant using the pseudo-
inverse model-based approach. It answers the questions related to applicability areas for this approach. The ob-
jective of the paper is to derive some asymptotic features of the closed-loop control systems containing the
pseudoinverse models in their feedback loops. To this end, the memoryless plants having any nonzero gain matri-
ces are considered. Namely, the classes of square non-singular and singular matrices and nonsquare matrices with
arbitrary rank are analyzed. The case where these matrices are known and the case where there is no full informa-
tion on their elements are separately studied. The assumption that there are the unmeasurable arbitrary, but
bounded external disturbances whose bounds may be unknown, in general, is introduced. Three important re-
sults about the asymptotic behavior of the control systems with the pseudoinverse models are obtained. First, it
is shown that, in the absence of uncertainties, the equilibrium state of these systems always exists, and their sta-
bility and optimality are guaranteed. Second, a new effective control law for the stabilization of the ill-con-
ditioned plants with the known gain matrices is proposed. Third, the several conditions guaranteeing the exis-
tence of the equilibrium state and the dissipativeness of the control system in the presence of uncertainties
are established. Asymptotic estimates of upper bounds on the norms of the control input and output vectors
are given.

Keywords: interconnected memoryless plants, closed-loop control system, pseudoinverse model, equilibrium state,
stability, optimality, dissipativeness.
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