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On the structure of Leibniz algebras,
whose subalgebras are ideals or core-free
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An algebra L over a field F is said to be a Leibniz algebra (more precisely, a left Leibniz algebra), if it satisfies
the Leibniz identity: [[a, b], c]  [a, [b, c]] — [b, [a, c]] for all a, b, c  L. Leibniz algebras are generalizations of
Lie algebras. A subalgebra S of a Leibniz algebra L is called core-free, if S does not include the non-zero ideal.
We study the Leibniz algebras, whose subalgebras are either ideals or core-free.
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Let L be an algebra over a field F with the binary operations + and [,]. Then L is called
a Leibniz algebra (more precisely, a left Leibniz algebra), if it satisfies the Leibniz identity
[a, [b, c]]  [[a, b], c] + [b, [a, c]] for all a, b, c  L.
Note that any Lie algebra is obviously a Leibniz algebra. Conversely, if L is a Leibniz algebra
such that [a, a] = 0 for every element a  L, then L is a Lie algebra. Therefore, Lie algebras can be
characterized as the Leibniz algebras, in which [a, a]  0 for every element a.
Leibniz algebras appeared first in papers by A.M. Blokh [1–3], in which he called them the
D-algebras. However, in that time, those works were not in demand, and they had not been
properly developed. Only after two decades, a real interest in Leibniz algebras arose. It was
happened due to the work by J.L. Loday [4] (see also [5, Section 10.6]), who “rediscovered”
these algebras and used the term Leibniz algebras, since it was Leibniz who discovered and
proved the Leibniz rule for the differentiation of functions.
A Leibniz algebra, which is not a Lie algebra, has one specific ideal. By Leib(L), we denote
the subspace generated by the elements [a, a], a  L. It is possible to prove that Leib(L) is an ideal
of L. Moreover, L/Leib(L) is a Lie algebra. Conversely, if H is an ideal of L such that L/H is a Lie
algebra, then Leib(L)  H.
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The ideal Leib(L) is called the Leibniz kernel of an algebra L.
One approach to the study of Leibniz algebras, which proved to be quite effective, especially
for infinite-dimensional Leibniz algebras, is to consider Leibniz algebras, all whose subalgebras
have some fixed natural properties. This approach has been very effective for Lie algebras, while,
in Leibniz algebras, it was used only recently. Thus, the Leibniz algebras, whose subalgebras
are Lie algebras and Leibniz algebras with Abelian subalgebras, were studied in [6]. The Leibniz
algebras, whose subalgebras are ideals, were considered in [7, 8].
L
Two ideals are naturally associated with each subalgebra A of a Leibniz algebra L: the ideal A ,
which is the intersection of all ideals including A (i.e., an ideal generated by A); and the ideal
CoreL(A), which is the sum of all ideals that are contained in А.
A subalgebra A of L is called a core-free in L CoreL(A)  0. From the definition, it follows
that the core-free subalgebras are natural antipodes to the concepts of ideals. Therefore, the
study of Leibniz algebras, whose subalgebras are either core-free or ideals, seems to us very natural.
The main results of the current article give a description of such Leibniz algebras.
The first example of such algebras are Leibniz algebras, whose subalgebras are ideals. If every
subalgebra of a Leibniz algebra L is an ideal, then either L is Abelian or L  Z Å E, where Z  (L),
and E is an extraspecial subalgebra such that [a, a]  0 for each element a  E \ (L) [7].
In particular, [L, L]  (L), and a derived subalgebra [L, L] has dimension 1.
Recall that a Leibniz algebra E is called extraspecial, if (E)  [E, E] is a subalgebra of
dimension 1.
Note also that a Lie algebra, whose subalgebras are ideals, is Abelian.
On the other hand, if L is a simple Leibniz algebra, then its every proper subalgebra is corefree. We note that, in this case, L is a Lie algebra.
We show also another example, which is typical in some sense. Let L be a cyclic nilpotent
Leibniz algebra of dimension 3. That is, L  Fa Å Fb Å Fc, where b  [a, a], c  [a, b]. Here,
Leib(L)  Fb Å Fc. If A is a subalgebra of L such that Leib(L) does not include A, then A  L.
If A  Leib(L) and Fc  A, then A is an ideal of L. If A does not include Fc, then A is not an ideal,
dimF(A)  1; therefore, CoreL(A)  0.
Let L be a Leibniz algebra. The intersection of all non-zero ideals Mon(L) of L is called the
monolith of a Leibniz algebra L. If Mon(L)  0, then the Leibniz algebra L is called monolithic,
and, in this case, Mon(G) is the least non-zero ideal of L.
The description of Leibniz algebras, whose subalgebras are ideals or core-free, leads to the
following natural cases:
L is a non-monolithic Leibniz algebra;
L is a monolithic Leibniz algebra.
The second case is basic, as shows
Theorem A. Let L be a non-monolithic Leibniz algebra. If every subalgebra of L, which is not
an ideal, is core-free, then every subalgebra of is an ideal.
Corollary. Let L be a non-monolithic Lie algebra. If every subalgebra of L, which is not an
ideal, is core-free, then L is Abelian.
The monolithic case splits naturally in two subcases:
Leibniz algebra L has a non-zero center;
Leibniz algebra L has a zero center.
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Recall that the center (L) of L is defined by the rule:
(L)  { x  L  [x, y]  0  [y, x] for each element y  L }.
The center is an ideal of L. In particular, we can consider the factor-algebra L/(L).
left
right
(L)) of a Leibniz
More precisely, the left (respectively, right) center  (L) (respectively, 
algebra L is defined by the rule:
left



(L)  { x  L  [x, y]  0 for each element y  L }

(respectively,


right

(L)  { x  L  [y, x]  0 for each element y  L } ).

It is not hard to prove that the left center of L is an ideal, but this is not true for the right
left
left
center. Moreover, Leib(L)   (L), so that L/ (L) is a Lie algebra. The right center is an
subalgebra of L, and, in general, the left and right centers are different; they even may have different
dimensions. Paper [9] contains some examples, which show this.
Theorem B. Let L be a Leibniz algebra. Suppose L includes a subalgebra, which is not an ideal,
and every subalgebra of L, which is not an ideal, is core-free. If the center of L is non-zero, then L
satisfies the following conditions:
(i) L is monolithic and Mon(L)  (L)  3(L), in particular, dimF((L))  1;
(ii) 2(L)  [L, L]  2(L) and 2(L) has dimension 2;
(iii) every subalgebra of L, which is not an ideal, is Abelian;
(iv) every subalgebra of L/(L) is an ideal.
Conversely, if L is a Leibniz algebra satisfying the above conditions, then every subalgebra of L
either is core-free or an ideal.
Corollary. Let L be a monolithic non-Abelian Lie algebra having a non-trivial center. Then
every subalgebra of L, which is not an ideal, is core-free, if and only if L is an extraspecial algebra.
The situation, where L has a non-central monolith, is considered in a following
Theorem C. Let L be a monolithic Leibniz algebra, whose center is zero. Suppose that every
subalgebra of L, which is not an ideal, is core-free. If L is not a Lie algebra, then the following
conditions hold;
(i) Mon(L) is a minimal ideal of L;
(ii) Mon(L) is a maximal Abelian ideal of L;
(iii) L  Mon(L) Å A for some Abelian subalgebra A;
left
(iv) AnnL(Mon(L))  Ann L (Mon(L))  Mon(L).
Conversely, if L is a Leibniz algebra satisfying the above conditions, then every subalgebra of
L either is core-free or an ideal.
We note also that, in this case, a core-free subalgebra can be not Abelian. The following
example shows this.
Example. Let F be an arbitrary field, and let L be a vector space over F with a basis { a, b,
a1, a2 }. Define the operation [,] on L in the following way:
[a, a]  a1, [a, a1]  a2, [a, a2]  –a1 –a2, [a, b]  0,
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[b, a]  a1 + a2, [b, b]  0, [b, a1]  –a1, [b, a2]  –a2,
[a1, a]  0, [a1, b]  0, [a2, a]  0, [a2, b]  0,
[a1, a1]  0, [a1, a2]  0, [a2, a1]  0, [a2, a2]  0.
It is possible to check that L is a Leibniz algebra, Leib(L)  Fa1 + Fa2, Leib(L)  Mon(L), a
factor-algebra L/Mon(L) is Abelian. Proposition 1 implies that every subalgebra of L, which is
not an ideal, is core-free. But the subalgebra b, a1 is not an ideal, is not Abelian and is core-free.
For Lie algebras, we obtained the following
Proposition. Let L be a monolithic Lie algebra, whose center is zero. Suppose that every subalgebra of L, which is not an ideal, is core-free. Then Mon(L) is a minimal ideal of L such that
AnnL(Mon(L))  Mon(L), and the factor-algebra L/Mon(L) is Abelian. Moreover, every core-free
subalgebra of L is Abelian.
If Mon(L) is Abelian, the description is more detailed.
Let L be a Leibniz algebra, and let a be a some fixed element of L. Consider the mapping ra:
L  L defined by the rule ra(x)  [x, a], x  L. It is not hard to see that ra is a linear mapping,
ra  ra and ra + rb  ra + b for all a, b  L and   F. Put ca(x)  x + [x, a], x  L, i.e., ca(x) 
i + ra(x), where i is an identity permutation of L. Clearly, ca is also a linear mapping.
Theorem D. Let L be a monolithic Lie algebra, whose center is zero. Suppose that every subalgebra of L, which is not an ideal, is core-free. If the monolith of L is Abelian, then the following
conditions hold;
(i) Mon(L) is a minimal ideal of L;
(ii) Mon(L) is a maximal Abelian ideal of L;
(iii) AnnL(Mon(L)) = Mon(L);
(iv) L  Mon(L) Å A for some Abelian subalgebra A;
(v) if L  Mon(L) Å C for some subalgebra C, then there exists an element v  Mon(L) such that
C  cv(A). Moreover, cv is an automorphism of algebra L.
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ПРО СТРУКТУРУ АЛГЕБР ЛЕЙБНІЦА, УСІ ПІДАЛГЕБРИ
ЯКИХ Є ІДЕАЛАМИ АБО ВІЛЬНИМИ ВІД ЯДРА
Aлгебра L над полем F називається алгеброю Лейбніца (точніше, лівою алгеброю Лейбніца), якщо вона задовольняє таку тотожність Лейбніца: [[a, b], c]  [a, [b, c]] – [b, [a, c]] для всіх a, b, c  L. Алгебри Лейбніца
являють собою узагальнення алгебр Лі. Підалгебра S алгебри Лейбніца L називається вільною від ядра,
якщо S не містить ненульових ідеалів. Розглянуто алгебри Лейбніца, усі підалгебри яких є ідеалами або
вільними від ядра.
Ключові слова: алгебра Лейбніца, алгебра Лі, ідеал, підалгебра, вільна від ядра, монолітична алгебра, екстраспеціальна алгебра.
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